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XVII. On the Method of detefmmng^ from the real ProbablUtles 
of Lfe, the Values of contingent Reverjions in which Three 
Lives are involved in the Survivor/hip. By Mr. William 
Morgan, F. R. S. 



Read May 26, 1791. 

"AVING been encouraged to the further purfuit of the 
doiStrine of furvivorfliips by the very honourable man- 
ner in which my two former Papers on this fubjed were 
received by the Royal Society, I think it my duty to fubmit 
the refult of my labours to their confideration. The folutions 
of fome of the following problems might have been derived 
from thofe which I have already communicated ; but the direft 
inveftigatiou of each feparate problem being certainly more 
fatisfadVory, and the rules obtained by this means in general 
more fimple, I have confidered no problem as connected with 
another, except the relation between them either immediately 
arifes from the folution, or is neceffary to prove the truth of 
it. Being anxious to render myfelf as concife as poffible, I 
have been minute only in the inveftigation of the firfl pro- 
blem, and have done little more than ftate the contingencies 
which will determine the furvivorfliip in the others. By the 
affiftance, however, of, thefe, and the operations which are 
detailed in my former Papers, the theorems which I have given 
may be deduced without much difficulty. 

In 



denote the value of an annuity on the refpedlive lives 
of A, B, or C. 
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In order to prevent unneceflary repetitions, it may not be 

improper to begin with explaining the different fymbols which. 

are ufed in the following pages. 
A, 
B, 

C, J 

D, denotes thie value of S on the contingency of C's fur- 
viving A (by my 2d prob. Vol. LXXVIII). 

E, denotes the fame value on the contingency of B's fur- 
viving A, found by the fame problem. 

F, denotes the value of an annuity on a life one year younger 
than B. 

G, denotes the value of the abfolute reverfion of S after the 
death of A. 

* H, denotes the value of an annuity on a life one year younger 
than A. 

K, denotes the value of an annuity on a life one year younger 
than C. 

L, denotes the value of an annuity on the longeil of the 
three lives of A, B, and C. 

M, denotes the value of S by the firft problem on the con- 
tingency that A's life (hall be thtjirft that fails. 

N, denotes the value of an annuity on a life one year older 
than A. 

P, denotes the value of an annuity on a life one year older 
than B. 

R, denotes the value of S on the contingency of B's dying 
after A (by my 3d prob. Vol. LXXVIII). 

S, denotes the given fum. 

T, denotes the value of an annuity on a life one year older 
than C, 

V, denotes 



248 -Mr. Morgan on 

V, denotes the perpetuity. 

W, denotes the value of S on the contuigency of C's dying 
sfter A (by my 3d prob. Vol. LXXVUl). 

a and a denote the number of perfons livhag in a table of 
obfervations at the ages of H and A. 

s, t, u, w, &CC. denote the number of perfons living at the 
end of the ift, 2d, 3d, &c. years from the age of A, 

/3 and b, denote the number of perfons living at the ages of 
F and B. 

m, n, 0, p, Sec. denote the number of perfons living at the 
end of the ill, 2d, 3d, &c. years from the age of B. 

K and c denote the number of perfons living at the ages of 
K and C. 

ii, e, f, g, &c. denote the number of perfons living at the 
end of the jft, 2d, 3d,"'&c. years from the age of C. 

a\ a'\ a"\ &c. ^ denote the decrements of life at the end 

b\ b", b"\ Sec. I of the i ft, 2d, 3d, &c. years from the 

c', c'\ c"\ &c. J refpedive ages of A, B, and C. 

r, denotes the value of ^. i increafed by its intereft for a 
year. 

The combinations of two or three of the feveral letters A, 
B, C, F, H, &c. denote the values of annuities on the joint 
continuance of two or three of thofe refpedive lives. 

PROBLEM I. 

To determine the value of a given fum, payable if A fhould 
fce thejirjl that fails of the three lives A, B, and C. 

SOLUTION. 

In order to receive the given fum in the firft year, it is 
neceffary that one or other of four events fliould happen, ift, 

That 
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That all the three lives (hould fail, and that A fhould die firft. 
2dly, That B {hould die after A, and C live, jdly, That C 
fhould die after A, and B live. 4thly, That A only fhould 
die, and B and C both live. Thefe feveral contingencies being. 

rr- 1 1 a' . h — m . c — d a' . b~tn . d a' . c — d\ m ■, d . dm 

exprelied by -. , -, , , , and — -— , 

'^ •' yibc "Zuhc . labc ' abc 

r n.' 1 ^i • r '11 1 I "'■be , a'mn a'mc , a'bd -r 

relpeaively, their lum will berr:— x' — + l--r-+ --7-. m 

^ -^ a^f 3 3 6 

the fecond and following years one or other of the fame events 

muft take, place in order to receive thcgiven fum; that is, they 

muft either all three die, K dying firft ; or only A and B nnull: 

die, A dying firft; or only A and C muft die, A dying firft; 

or only A muft die, and B and C both live. The different 

fractions expreffing thofe four contingencies for the fecond year 

■I . a" . m—n . d—e a" . m — n . e a" . d — e . n ■, a" . ne ^ ^ 

o 3fl^f ' labc ' labc ' ' abc ' 

th th" d ''"' '^^'' '^""^ 'lLl^EiiI ""'" ■ '^~^- " ^^^""ZjIL 

•I ^abc ' 2abc ' 2at;c ' abc ' 

and fo on, the whole value of the given fum will be = 

% . a' be , md , mc , bd , S . a" md ne , nd , me , '> . a!" 

—— X -+-+-—-+ — +---^x — + }._.+__4._— _ X 

abcr 3366 ahcr 33 ^ " abcr'' 



ne of . oe . nf , Q i • i S ahc . a"md , a • en 

!L j-Z +- 4-^4-&c. which are = — - x (---— + -—5 — +&c.+ 

j_Kf:^+f::^+^:ii^+&c.+^xi^+^+^H^+ &c. 

tabc r r'' r' tabc r r' ^ r^ 



. . _!_ X l^^ + f_:-^ + -^if +&c. From the demonftration of 
the problem in my laft Paper * it appears, that the. firft of 
thefe feries is = i x flJ^zEEE: - ?. x BC-ABC ; that the fe- 

,^ . . S « ."BK-ABK S ot.PC-APC . ..'1' 

cond fenes is = g x — — - ~ >« — — •> that the 

* See Phil. Tranf, VoL LXXIX. 

Vol. LXXXl. L 1 third 
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■ third fenes is = ■- x ^ -^~ x ; and that the 

or c 



fourth feries is = '- x BC - ABC - - x , !— . Thefe fe- 

3 3'- , ^•^■ 

veral expreffions being added together will be found =:S into 

1 X H^EMT^^^^^^ X FC3AFC + ^ X BTTTIBC 



»j . PC- --\1'C // BT- AB r , M . FT- Ai^r 



6^r 3^ 2 • ^ 

This theorem gives the exail value when either B or C are 
the oldeft of the three lives; but when A is the oldeH:, it will 
be neceffary to exchange the fjmbols a' , a" ^ a'\ &c, for 
a — s^ s — t, t — u, &c. and the fymbols m, n, 0, &c. for 



c-c', c-r/ + c', c-c' + c''-\-c"\ &c. In this cafe the value 
of the given fum for the fir ft year will be found =:—- into 

' akr 

abc bsc , amc msc uhc , he' amc' , Tm(f r i r i 

_ — _4 . Z- + -Z b-r-; for the lecond year = 

22220033 •' 

S • '^^'^ „ ™'''" _L !!i^ _^ _ !2ffl' 4. !^ _ "^'^" I "'<^" m'c' mtc' 
abet'' 22226 6 3 "■^ ' 1 ~ "" 



^' + — ; for the third year = -^ into "if ~ "li + fff + "^ - ffl' 4. 

22 abcr^ 2 222 6 ^ 



mc"' oic"' , ovc"' _ tit . c'+c" nu . c' + c" ot . c'-\-c" eu . 7+7' ^ 
~6~ 3 3 2 "*■ 2 ~ 2 "^ 2 '' 

and fo on for the remaining years of A's life. Hence the 

whole value of the given fum will be = ~ x — + -- + — + &c. 



Zab r r r^ 2ab r r r^ %ah 



"'^ _i_ ^' J. "'' 4- A-r S ah^ msc" nic'" „ 



buhc r r'^ r^ zabcr 



msc' nt .c' + c" , o^^ , S bsc' mu" mc"' , „ , S 

mtc 
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wtc' , nu . c' + c" , n „ , g amc' m . c" at . c'" . - 



r r 



3(3'^^ r r'' r^ labcr 



h i — -+ &c. +---X — + — --4.-_-4. &c. X— -- X 



'^ • '^ • "JLlL — L 4- &c. , . . The firft four feries are refpe^tively s; 



r 



«ff .HF , i + ABn (3. AF , a. HB AB r^U £:a. r 

(or — -— ) - — — + . . . The firft term of 



— - — I Ul ^ I — 

2ab ^ ir J %b 



za 



the fifth feries, or ~, is:^-^ ^-^ - '' i \ the fecoiid term 

r abr a,^ age 



or —^y is= ---X -— — .... the third term, 



or -3-, IS = -_ X —- ^ . — i: ^ . Therefore 

r' abn a^ age >•■■ 



thefumof thefiftfe and fixth ferlesls 2= * flLJEzHcr _^ _m^ ^ 

oab \ ^abc 



bcr 



kc. i= ) -^ — X AB - ABC. In the fame manner the 



^abc ^ '3'' 



mtc' 



feventh feries may be found = — x AF - AFC - 

"■^-r-rrr — ^^' ! and confequently the fum of the feventh and 



. , , V. . . g.AF— AFC . f .BN-BNC » . . . , , 

eighth ieries is == gj + -^ — '— • Again, the ninth and 

:. ^, y . u r J ^ » • HB-HBC / mc* ot . t' + c" 
tenth fenes may^ founds .__(__, ^^ 

- &c. = ■) -^ '" . :.:^~L — ; and the eleventh and twelfth or two 



, nr ' AB^ABC/ . ntc' , uo.c'+c" , ^ \ . ms. tN-?NC 

If all thefe expreflions be added together, we {hall have the 
Value of the given fum = S into—^ x ~ ^ •* AF + f AFC 

LI 2 4- 
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' 6 « ^r a 



' bbr a 



It may be obferved, that the firft four feries are airo = E, 
and therefore if this value be fubftituted inftead of —^4*-, &c. 

lab 

the general rule will become = E + S into - — x HB^HBG + •^ 

' rTr?— -TTTT^ ■ ^^^- abTabc /s . aFTafc »2 . ap^Tapc f 
X Hi' -HfCH —- — — 4. 7- — 4. — 



X BN - iii.NC + 1^ X FN - PNC ...... Suppofinff the three 

lives to be equal, the firft of thefe rules will become=:— ~ - 

ir 

KK ■ KK-CK K^ I CC - CC C -^-^-^^^~^^^ i-CT^"cCt 

6 . « ~" ^r be ' bcr ~ ■ 

CCTiCCC , dd . TT-CTT j *t, r j 7^ . V-CC 

— — 7 ^H 7 , and the lecond = ■ — —^-~- — ~ 4.1 

O b . cc . r ' ir t^j 

7^1 lxr~CXX : _ ^ ."CK^CCK. «» . KK ^TcCK . ^ . CT-CCT , 

3'' be bcc bcr "^"^ 

— ^7 ^: and alfo the rule denoting the value (when 

cither B or C are the eldeil: of the three lives) will become = ' 
""^- ^.^-^^^ .4. 1 X CK - CCK +-^^ xKK-CKiC-^ xl 

CT-CCT //rf. 



3r :i.xr • ^ -^ '^ -" ^'^T- Let this laft expreffion be called 

Q and compared with the firft of the preceding expreffions. In 
this cafe we fliall have i+^-^S+lc^ _cc^£cc q 



ar 



*--I.CC-CCC r^ r 1 • 1 ^ 

—^^ - = Q, from which Q may be eafily found = 

s r—i . v3cec A • 1 1 /- 

- X -__™_«™. . Again; let the fame expreffion, denoted 
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by Q^, be compared with the fecond of the preceding expref- 

fions, and we fliall then have. — rf- 



= Q, and confequently Q= S x '~„^— as before * .... 

Now it is well known, that when the lives are all equal, the 
value of the reverfion tnuft be one third the difference between 
the perpetuity and the three joint lives, and therefore a demon- 
flration arifes of the truth of the whole folution. As a ftill 
further proof of this, the foregoing theorem may be imme- 
diately deduced from the feries themlelves : thus, the value of the 

given fum for the firft year will in this cafe be — ,3 ~ — ; for 
the fecond year it will be = -~^^ '> fo"^ "^^e third year it will be 



r^^ • ^. / ■■ . Hence the value of the whole reverfion will be=: 



3<:V3 



r T 3 '^ 



3? R O B L E M II. 

To determine the value of a given fum, payable if A Should 
be the/econd that fails of the three lives A, B, and C, 

SOLUTION. 

The fum S may be received in the firft year, provided either 

* This expreffion may alfo be obtained from either of the above general r\jlgs, 

independent of the two QthejrSj in like manner as jn the folution of the foiirth 

problem, 

y of 



of three evehts Ihould happen; ift, if the three lives {fiould 
become exfindl:, and A be the fecond that fails; adly, if A 
fhould die after B, and C live; and, 3dly, If A fliould die 
after C, and B live. But in the fecond and following years* 
the given fum may be received, provided either of feven events 
Ihould happen, ift, If the three lives fhould fail in the year, 
A's life having been the fecond that failed, adly, If A only 
Ihould die in the year, B having died before the beginning and 
C lived to the end of it. ^dly. If A only fhould die in the 
year, C having died before the beginning and B lived to the 
end of it. 4th ly, If A fhould die after B in the year and C 
live. 5thly, If A fhould die after C in the year and B live* 
6thly, if A and C fhould both die in the year (.A dying firft) 
and B's life fhould have failed in one or other of the foregoing 
years ; and, ^thly, if A and B fhould both die in the year (A 
dying firft) and C's life fhould have f;uled in the foregoing 
years. From the feveral expreflions denoting thefe contin- 
gencies the whole value of the reverfion may be founder 

S . a'c . a"d , a"'e ~ , S , a'd , a"e , a"'f , « , 

_x- + -^ + — ^^&c. + — + —+~. + —± + &c. + 
Zac r r r^ lac r r r^ 



^'ff^ 



S a'b , a"m. : a"'n , „ , S a m ^ a"n , a''o . o 

■xab r r r^ zao r r r' 



sS a'irc , a"md , a"ne , o 2. S , a'md , a"ne , a'" of , ^ 

^ X — + -r- + -T + &C' - rr ^ _^ -f-_^ + __i + &;c. 



S a' mi . a"nd , a'" oe , ^ S a'bd , a^me ■ a"'nf -, 

X -}-+__ + &C. X +__+_^ + &c. 

The two firfl of thefe feries are = D, . . the two next = E . . * 
and it aippears from the folution of the preceding problem that 
the four remaining feries exprefs double the value of the fum 
Sj, depending on the contingency of A's dying firft (when B 
or C are the oldefl of the three lives) with a negative fign. 

The 
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The general rule, therefore, in this cafe will become = D + 
E-2M. 

But when A is the oldeft life, recourfe muft be had, as 
in the fecond part, of the preceding problern, to different fym- 
bols, and the value of the reverlion will then he found = 

S ~ab , ms \ ~nt \ T^ , ^ bs mt nu „ 

X - - 4--^ + — + &C. + - X —+-- + — 4- &C, + 
all r r r^ ab r i > ' 

ahc' , mu" , mc'^^ o S bid mu" nuc' ' ,, " 

X ++._,- + &c. X--+— ^ + — ^ + &C. + 



S ahc' , msc" mc" ,0 S ^ bu' , mU' 
+ &C. X 1 

r= ybc r r^ 

aS ^, amc' , m?' , o!cf" , I 2S ^ »w' nte" ouc'" „ 

__ X 1- +_J-- 4- &c, r^ h— i- + — 3- + &c. + 



j_x fii' +fi4i-i: + &c. - 1. x^^'+"-^r^' + &c. + 
.± x^V-^-^^^+^+ &c. - ^^ X :!L^+^iiS: + &cr+ 



— X 1 r-i l-OCC. + — -X - —-t I -t- 



two, and the firft ten feries are=-2M, the eleventh and 
twelfth feries are=:D, and the thirteenth and fourteenth feries 
— E ; confequently the general rule becomes = D +E - 2M, as 

before. 

Suppofing the lives were all equal, the above expreflio n wo uld 

be = s.7^.v3cc _a_^ x7rT.\rr-ccc = ^xHI X 

V - 3CC - 2CCC, which is known from other principles * to be 
the true value, and therefore the inveftigation is right. As a 
further demonftration, however, it may not be improper to 

* See Phil. Tranf. Vol. LXXIX. 

obferve. 



256 Mr, Morgan on 

pbferve, that this rule is immediately obtained from the dif- 
ferent frafilions which exprefs the feveral contingencies in each 
year. For in this cafe, the value of S for the firft year becomes 

S I dd , id^ r ^u r j S dd ee ad^ , 2.e^ 

= __ X 1 — 5-, for the fecond year = -j- x -1 — 

r 3 ff c^ "^ r cc cc c^ c' 

and fo on for the other years. Thefe feries being added 

S I id^ 2^^ 

together will be found = — x — H-t h -^ — - + &c. — 



„ X i- + -i— + &C. -J X-2- + -A— + &C. X _ . + .^__ 

3 ccr cc . r^ y ccr cc . r y c^ . r c^ . 



S r-i 



+ &c. = " X '-~i X V-3CC-2CCC Q, E. D. 



PRO B L K M in. 

To determine the value of a given fum payable on the 
death of A, if his life fhould be the /aji that fails of the three 
lives A, B, C. 

SOLIJTION. 

The given fum can be received in the firft year only upon 
the extinction of the three lives, A having died laft. In the 
feeond and foUovi'ing years it may be received provided either 
of four events Ihould happen : ift, if all the three lives fhould 
fail in the year, A dying laft ; adly, if A (hould die afiet C in 
the year, B having died in either of the foregoing years ; 
3dly, if A fliould die after B in the year, C having died in 
either of the foregoing years ; 4thly, if only A fhould die in 
the year, B and C having both died before the beginning of it. 
The value therefore of the reverfion (when B or C are older 

than 
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■ . x> . S a'mJ , a"ne , a"'of , <, , S a'mc , a"nd a"'o 



+ &c. + r-r ^ — + -r~ + -i"+&c. -—. X — + _ + _-+ &c. 



"f ■ c; ,,'7, „ii^ „iir 



X _ + _.+>_^ + &C. . X — +~^ + — ~ ^ &C. - 

2«ir r r t^ lab r t . r^ 



— -X — 4-+-_+ &:c. =:U + M — U + tj. 

•2,ao r r r' 

When the life of A is the oideft of the three lives, the fym- 
bols being changed as in the two preceding problems, the value 

tif the reverfion will become = - -r— x -.1+^4. f_f_. + &c. « 

babe r r^ » 3 



4_x^4.1lfl±i: + &c. + ^ x^ + ^ + ^ + &c. + 

Zabcr r r^ babe r r r^ , 

S ^,mt . c' . . nu.c' + c" 5 S ^amc' m" c . ot . c'" . „ 

*-— - X + ; — + &c. - — T ^ — + --r + ,— + &C. - 



,. X - — + ^— + &C. + _-- X — 4- _ -\ ^ &c> + 



^^ r r' 






S f-/ . <■■' , '-« .f' + <;" 



^. &c. + i X fi:l:±.+lZ^-^ + &c.. 

acr r r 

By the fecond part of the folution of the firft problem, the 
firft eight feries may be found = M-E; and the laft two 



feries 


being 


eafily 


refolved into — x - 

a 


s ; 

— -X - 

rule, 


'M 


^"+&c.- 


^X'' 


% — %. c- 
r 

are = < 


3-D. 


Hence the 


&c. ^- 
general 


'J —S . £ 


.^-t-c-C 


lac 


r 

as in 


+ r^ ■ 


+ &C. 


the former 



cafe, becomes = G + M — D + E, 
Vol. LXXXI. Mm When 
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Wbett the lives are all equal, the above expreffion will be 

changed into -xr—ixw- C + — V - UL.=: -_ — 



X ; or "• o«e-M/r^ the value of the abfolute reverfion after 

3 

** the extindlioa of the longeft of the three lives." This is- 
known from feif evident principles to be the true, value, and 
therefore the foregoing folution is correct. The fame rule may 
alfo be obtained immediately from the feries ; for the value in 

this cafe for the firft year will be =- x- ~~ -f._— for 



^. /• , 'S> d^ t^ dd , d ee e , j- ^ 

the lecond year^r-r- x -— ■ \ V , and lo on for 

the remaining years. Hence the wliole value of the reverfioa. 
will be =.-- X. L + - X TZl= ':iii-^ X i'-=± . .. . ,.Q. E, D., 

or ^ r r ^ ^~^ 



E R O B E. E M IV. 

To determine the valtre of a given fum payable on the ex* 
tindion of the lives of A and B* Ihould they be the J&// that 
fail of the three lives A, B, aad C. 

s o i; uT I o w. 

The given fum may be received in the firfl year, either o!i« 
the extinction of the three lives,- G having died lafl ; or on 
the extindion of only the two lives A and. B, C having fur- 
vived the year.. In the fecond and following years the given 
fum may be received^, provided either of fix events fhould 
happen, ift,, If the three lives fhould become extindl in the 
year, C having been th« laft that failed, adly, If A only 

fhould 
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iGhoald die in tHeyear, B having died before the beginning, and 
C lived to the end of it. 3dly, If B only (hould die in the 
year, A having died before the beginning, and C lived to the 
end of it. 4thly, If A and B (hould both die in the year, 
and C furvive it, 5th!y, If C (hould die after A in the 
year, B having died in either .of the foregoing years. 6thly, 
if C Ihoiild die after B in the year, A having died in eicher 
of the foregoing years. The fra£iions denoting thefe fe- 
veral contingencies being added together will be found = 

S VT'IP .d , J" . e ' ' , S a d , o"e , a'" . f , 7 






-r~.X — + -^ + -y- + &C. + -— r- ^ + ^--r- + &C. 

oa{>c r r^ r^ ■i.ubct r r 



S a'mc , a"nd , a"'ot n S nd . a' oe . f/ + a" „ 

^abc r r* r^ lubcr r r 

S a'hd , a"mc , a"'yf , q , ^ ^. me .a' nf . a' -r a" „ 

— - X ■ H — ^- ■{ r^ + &C. ^ ~ X + -^ — — ■ + &C. - 

tabc r i"- 1^ 2abcr r r"- 



lS . a'wd , a'ne , a ' of „ . S ne . a of . J -^^ a ' „ 

-1- X + — r^ + &c. - --7- X- + ■'—-^ t-&c. 

■i^aoc r r- r^ %nbcr r r 

The firft two feries are = D ; the third and fourth feries are = 
1 X BC'^ABC^-tj.^^E^ ; the fifth and fixth feries are= - 

O . be 



3 



».BK-ABK_w_j^c-AFC tj^efgy^n^h aiid eighth feries = 



g.FC-AFC i.BT-AET ^^^^ ^^^ ninth and tenth ferics = 

6b ^ Scr 

^^jtHm^-ljIE^^, Hence the whole value of the 

bbcr 3 

r MH r> S.« g . FK- AFIv , 

reverfion will be = U — -— x -r 1 

3' 

FC^^^FC-i^-^-^xBC-ABC-^ 



-RK 


ARK 1 X 




"^^^' ' bb 


xPC 


APC + "-'x 



BT:rK^+'^-''^ ''-''' 



%b 

M m 3 Th< 
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The preceding theorem exprefles the value of the given 
fum whether C be the oldeft, or B one of the two lives to be 
furvived, and will therefore be fufficient in all cafes. Iii order, 
however, flill more fully to prove this, let A be fuppoled the 
oldeft life, and inftead of b ~ m, m-~//, n - o, &c. and a\ a''', 
a"\ &c. let z^'', b'\ b'" , &c. and a — s, s~i, i ~u, &c. be 
fubftituted ; then will the value of the reverfion be founds 



S a/ , dh" , eh'" , p -S (,-'.' , ''■" f,'" . 



S och' dsb" eih''' , „ , S d.b , , .b' + b" , „ 

biibc r r r^ 2"bcr r r 



S ciV , dth" , euh'" . c ■ S db' , eu .b -tb", « 

X — +-^+ -— + &C. — X + ^1— + &C. + 

^ahc r r r^ zabcr r r'' 

S «db' , seh" fib" _ I , S seb' , tf . f-^ b" I 

X +__+•-— + &c. + __.X_+i . + &C. -V 

tiabc r r r^ zabcr r t 



^abc r r ?•' aabcr r r 

Let S denote the value of S on the contingency of C's fur- 
viving B, and the general rule deduced from the preceditng 



S,« «.HK-HBK 



feries will become = S __i-x--^ \- AK-ABK + 



^;ync-BBc-^±^'x-^:r^^^Ami-l^xmz:mc+\ 



™XAi-ABi-f ~ ^ which appears to be exadly 

the fame rule with the foregoing, if the fymbols of A and B 
be only exchanged for each other. 

If the three lives be of the fame age, both thofe rules will 

feverally become = S into ''-^ xV-CC ~ — x KK^KK - 

2r tec 

I X cK - ccK — '-izi X cc^Tccc + ^ X ct::cct+^ x 

2 TT-. 
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TT-CTT. The two expreffions - - "• ^^~^^^^^ + ~x 
CT — CCT\ by refolving them into their refpedllve feries, will 
be found =^-^^^^ 1- r- + rri + 7V1 + rr-* + &:c-> atid the two 

dd . TT - C 1 r H , ?ri7 /s> ST/ - CC // 



expreffions — — • — ~ x CK - tCL 



beer c br bcr 



de ef tg 



7 — ;+z— 5 + /^ + ^^'-; hence the fum of thefe four expref- 

bccr occr^ beer* ' 

fions will be =: — ^^-^-^ — —— > and confequently the general rule 



in this cafe will be=— ^-^■;; — X V — 3CC — 2LCC, which is 

known to denote the true value from other principles *. 

As a further proof of the accuracy of the preceding invefti- 
gation, it may not be improper to obferve, that this rule may 
be immediately obtained from the different fradlions which 
exprefs the value of the given fum in each year. For in this 

cafe the value of S in the firft year is = — X- — — + 4— » '^^ 

3 r ccr c3 , ^' 

the fecond year= - x-^ — ^ — -n +^> and fo on in the 
Other years, which expreffions may be eafily found = 

S . r— I 



3^ 



XV~3CC-2CCC. Q. E. D. 



PROBLEM V. 

To find the value of a given fum, payable on the death of 
A, if his life fhould be the Jir/i Qt Jecond that fails of the three 
lives A, B, and C. 

* See roy Paper in the Phil. Tianf, Vol. LXXIX. 

S O L U- 
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SOLUTION. 



tn fhe firO: year the payment of the given fum depends 
t^pon either of four events, ift, 'That all the three lives (hall 
become cxlukSI, the life of A havhig been the firft or fecond 
that failed, adly. That A and B fliall both die, and C live to 
the end of the year. 3dly, That A and C (hall both die, and 
B live to the end of the year. 4thly, That only A (hall die, 
and B and C both live to the end of the year. In the fecond 
and following years the payment of the given fum will depend 
Upon either of eight events happening, ift. That all the 
three lives ftiall drop in the year, A having been the firft or 
lecond that failed. 2dly, That G furvives, and only A and B 
die in the year, ^dly, That B furvives, and only A and C 
die in the year. 4thly, That both B andCfurvive, and A only 
dies in the year. 5th!y, That A dies in the year, B having 
died before the beginning, and C lived to the end of it. 6thly, 
lliat A in like manner dies in the year, C having died before 
the beginning, and B lived to the end of it. 7thly, That C dies 
after A in the year, B's life having failed ineither of the preced- 
ing years. Sthly, That B dies after A in the year, C's life having 
failed in either of the precedingyears. The fractions denoting thele 

feveral contnigencies are = — x 1 r- + &c. + 

" lac r r- fi ' 



(/"n 



— x — + —~+-~r + ^c- + ri^-+ -1- + — r + &c. + 



2cic r 



X — + — + -v + &C. - — - X + + — r- + &C. - 

S ^~u'm . a"nii a"o, „ S ^ ..'bu , a"me , a"'nf . ^ , 

(tabc r r r^ tube r r j^ 



S a'md . u n ,■ o ot 



. X^>^ ■fhr + &c. = D + E-M. 

^iibc r r' r^ 

This 
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This general rule gives the true value whether the life of A 

be older or younger than both or either of the lives of B and 

C. When the three lives are of equal age, the value of S for 

the firft vear will be— -X - + , - — , for the fecond yearr: 

•' r -^ i.^ cc ■' ■ 

— T-{ — - and fo on for the other years. Hence 

36S cc ' •' 



s .s 


ee 


;^^p 


CC 



s. 



the whole value in this cafe will be = ^-^ — - X 2 V — :}CC — CCC, 

2r 

which expreffion may alfo be derived from the general rule juft 
given above, or D + E - M. 

The folution of this problem may alfo be obtained either 
from the firft and fecond, or from the third- problems. In the 
one cafe the value of S is evidently equal to the /um of the 
two values determined by the twx> firft-mentioned problems,. 
or D + E-2M + M = D + E-M. And in the other cafe its 
value is equal to the- difference between the abfolute value of 
the reverfion after A C~^) ^^^^' ^^^ value depending upon the 
contingency that A (hall be the laji life that fhall fail, which, 
beingrrG + M — D + iL by the third problem, it follows, that 
the general rule on this fuppofition will he airo=:D-|^E — M^ 
Qj^E. D. 

FR O B L E M Vi; 

To find the value of a given fum payable on the death of A, 
fhould his life be the fcond or third that (hall fail of tlie three 
lives A, B, and C. 

s o L u T I o N., 
The payment of the given fum in the firft year will depend 
liipon the contingency of either of three events, lil, That 
n all 
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all the three lives fliall become extuidt, A having been the fe- 
cond or third that has failed, adly, That A I'hali die after 
B, and C live to the end of the year. 3dly, That A ihall die 
after C, and B live to the end of the year. In the fecond and 
•following years the given fum will become payable, provided 
either of eight events fhould happen, lik. If all the three 
lives fhould fail in the year, A having been the fecond 
or third that died. 2dly, If A fhould die after B in the 
year, and C live to the end of it. 3dly, If A fhould 
die after C in the year, and B live to the end of it. 4thly, If 
A and C fliould both die in the year, B having died before the 
beginning of it. 5thly, If A and B fhould both die in the 
year, C having died before the beginning of it. 6thly, If A 
only fhould die in the year, the lives of B and C having be- 
come extind in either of the preceding years. 7thly, If A 
fhould die in the year, B having died before the beginning, and 
C lived to the end of it. 8thly, if A fhould die in the year, 
C having died before the beginning, and B lived to the end of 
;it. Hence the whole value of the reverfion will be found = 

S ,, a' , a" . a'" , „ ^ S ^a'Sc^a"m^ , a"'ne , ^ 

a r r^ r* ^abc r r- r» 

S ^a'mc,a"nd.a"'oe^ „^ S a' bd ^ a" me . a"'nf . - 

iiabc r r ^■* OiW r r r^ 

S ^.a'md a"ne , a"'of, « _ r' Tilt 

This rule is correal in all cafes ; but when the three lives 
are equal it becomes more fimple, and is ^ ' *"" ^ 



3 



r 



aV-^U-CCC; which expreflion may likewife be obtained 
immediately from the feries given above. 

The folution of this problem, like that of the foregoing 
•one, may alfo be derived from the fiirfl three problems ; for the 

value 



value of S is either equal to the difference between the ahfolute 
value of the reverfiou after the death of A and its value de- 
pending on the contingency that A ihall be the frjl that fails 
(found by Prob. i.), or it is equal to the fum of the two values 
depending on the contingencies that A (hall be the fecond or 
i bird that fails (found by Prob. 2. and 3.). Jn both cafes the 
general rule is =:-• G -- M. Q. E. D. 



PROBLEM Vii. 

To find the value of a given fum payable on the death of A, 
ihould his life be the ^r^ or laji that fails of the three lives 
A, B, C. 

s o L i; T i O K. 

In order to receive the given fum in the firft year, it is necef- 
fary that either of four events {hould happen, iftj That all 
the three lives ftiould fail, A having been the firft or third that 
died, adly, That B fhould die after A, and C live. 3dly, 
That C fhould die after A, and B live. 4thly, That A only 
ihould die, and B and G both live. In the fecond and follow- 
ing years the given fum may be received, provided either of 
feven events {hould happen, ift, If the three lives fhould 
fail, A having been the firft or laft that died, adly, if B 
Ihould die after A in the year, and C live to the end of it» 
3dly, If C fhould die after A in the year, and B live to the 
end of it. 4thly, If A only fhould die in the year, and B and 
C both live to the end of it. 5thly, If A's life fhould fail 
after that of B in the year, C's life having failed before the be- 
ginning of it. 6thly, If A fhould fail after C in the year, 
B having failed before the beginning of it. 7thly, If A only 

Vol. LXXXI. N n fliould 



266 Mr. Morgan on 

Ihould die in the year, B and C having died in either of the 
preceding years. From the fradlions denoting thefe feveral 
contingencies the whole value of the reversion will be founds: 

-X — +— + — r- + &C. X h-T- + —r +&C. - 

a r r' t^ 2ac r r r 



S a'd , a"e a"'f , ,„ S a' h , a"m , Q"'n , „ 



-— X— + -r+ -r +&C. + — . X — ■ 



X + + 4- &;c. + -7- X +— r- + — r-+ &C. + 

^abc r r' t^ ^abc r r t^ 

4x?^+^5+^+ &c.=g-dtk+2m. 

This general theorem will give the exa6t value in all cafes ; 
but when the lives are equal, it is rendered more iimple, by 
fubilituting the feveral values of G, D, E, and M, and will 



S . r— I 



then become = ~ ■ x 2V-3C— 3CC+2CCC; which expref- 

lion may alfo be derived in this particular cafe from the dif- 
ferent feries denoting the value of S in each year. 

The folution of this, like thofe of the two preceding pro- 
blems, may likewife be obtained by the affiftance of the firfl 
three problems. For the value of this contingent reverfion is 
either equal to the fum of the two values of S payable on the 
death of A, if his life fliould be the firft, or if it fhould be 
the iaft that fails (found by Prob. I. and 3.), or it is equal to 
the diference between the value of the abfolute reverfion after 
A's death, and the value of the contingent reverfion after A's 
death, provided he ihould be the fecond that fails of the three 
lives (found by Prob. 2.). In both cafes the general rule be- 
comes = G - D + ii + 2M. Q. E. D. 



PRO 
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PROBLEM VIII. 



To find the value of a given fum payable on the death of 
A or B, ihould either of them be the Jirjl that fliali fail of the 
t4iree lives A, B, and C. 

SOLUTION. 

In each year the payment of the given fum will depend upon 
cither of fix events, tft, If the three lives flTould fail in the 
year, A or B having died firft. idly^ if A and B Ihould die in 
the year, and A live. 3dly, If C fliould die after A in the 
year, and B live. 4thly, If G ihould die after B in the year, 
and A live. 5thly, If A only fhould die in the year, 
and B and C both live. 6thly, If B only (hould die in the 
year, and A and C both live. The fractions denoting thefe 

feveral contingencies are =s ~ x — + '"' „" ■+^- 4- &c. — 

" 3«w r J r^ 

S ^,rnca' . nda" , oea!" „ S .,hda' , mea" , nf . a'" , „ 

r-r-X +-^+ -^+ &C. + — rX — +-5- + -r—+ Sec. + 

tube r r r"^ '^abe r r r^ 



S mda' , nea" , ofa'" , g . S ^b — m.c , m—n.d . n — o.e , 

rr-rX + -7- + ^+&C-+-T X + :, h j— + 

(lal/c a r »^ ibc r r r^ ' 



2t>c r ' r"- >3 ' 2abc r r 



10 1 S ^,mca' . vd.a'-\-o' ^ S hia' me.a' + a" „ 



1 X 2 i- &C. = b nitO — X rr— — ■ •+- 



I3.FC-AFC , 2.r-i.BC-ABC , w.fC-APC d 



' 6b ' 3r • 6br Sf'" 

BT - ABT + '" • ^"^J^^"^^ 4-S (S denoting the value of S on 

the contingency of Cs furviving B, as in Prob. 4.) 

N n 2 The 
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The above rule gives the exadl value when C is the oldeft 
of the three lives. But if A be the oldeft, the fymbols 
muft be changed as in feme of the foregoing problems, 
and the value in this cafe will be exprefl'ed by the feries 

2al>c r r r-* babe r -i r^ 

babe r r t^ ^abc r r r^ 

S ah , ms nt a S ms , nt , eu , o 

X— +-J+— + &C. -X +-_+ + &c. ~ 

ao r r r' ab r r r^ 



S abc' ^ms.c' + c" , »„ , S msc' , ni . c'+c" , „ ^ 

X — + — + &c. + -T X — + J + &c. From 

43bc r r abc r r 

thefe feveral feries, the general rule expreffing the value 
of the reverfion will be found = S into '^-^ — '- — ^^^ 



3« 



^ . HF-^HFC HB-HBC _ g . AF-AFC 2 . r- i . AB-ABC 



. AP-APC , S BN-BNC , w . PN-PNC 

X 



bbr ^ar % b 

When the lives are all equal, the firfl: rule becomes 



r-i . V-CC ■ 2 .r-i . CC~CCC , XK . KK— CKK « . CK— CClc 
2r ' V • 6cc " ' ^ be 



^.CT-CCT ^^.TT-^CTT^ ^^^^^ the fecond vv^c^^ZlLilzS^ 



bcr beer 



2.r— I.CC-CCC ««.KK— CKK « . KG- CCK , ^. CT_CCT 



3" 3' S'^r 



J : . In the one cafe the four laft fradions are=r 

~ — '-T-^ — ; and in the other cafe thofe fradlons are= -' 

or 

- ; therefore, in both cafes the general rule becomes 



3^ 

2 . S ."r- 1 

from 



X V ~ CCC, which h known to be the true value 
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from felf-evuknt principles. This exprefiion may alfo be 
immediately derived from the different fradions which denote 
the value of S in each year. For in the firft year thefe fra6lions 

will be reduced to — x —, in the fecond year to 

3 »" ^^ 1 -^ 

- X -T-2-> 1" the third year to — x -5-, - 4- and lo on in the 
Other years. Hence the whole value of the reverfion will, as 
above, be = ^•^:'~' x V-CCC. Q. E. D *. 



PROBLEM IX. 

To determine the value of a given fum payable on the death 
of A or B, fliould either of them be the fecond that fails of the 
three lives A, B, and C. 

SOLUTION. 

The payment of the given fum in the firft year will depend 
upon either of four events happening, jft, That the three 
lives ftiould fail, A or B having been the fecond that failed, 
2dly, That A fliould die after C, and B live. 3dly, That B 
fhould die after C, and A live. 4thly, That A and B fliould 
both die, and C live. In the fecond and following years the 
given fum will become payable, provided either of eleven 
events fliould happen, ift. If the three lives fliould drop ia 
the year, A or B having been the fecond that failed, adly. If 
A fliould die after C in the year, and B live. 3dly, If B 
fhould die after C in the year, and A live. 4thly, If A and B 

* I do not know that any foliuion ha» been attempted before, either of this or 
of the two following problems. 

fliould 
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iliould both die in the year, and C live. 5thly, if B only 
fhould die in the year, A having died before the beginning, and 
C lived to the end of it. 6thly, If A only fhould die in the 
year, B having died before the beginning, and C lived to the 
end of it. /thly, If G fhould die after A in the year, B hav- 
ing died in either of the foregoing years. 8thly, If C fhould 
die after B in the year, A having died in either of tlie 
foregoing years, pthly, If A and B fhould both die in the 
year, C having died in either of the preceding years, lothly, 
If B only fliouid die in the year, C having died before the 
beginning, and A lived to the end of it. And, laflly, if A 
only fhould die in the year, C having died before the begin- 
ning, and B lived to the end of it. 1 he feveral fradions de- 
iiotinp- thefe contingencies in each year being added together will 

, S bca' , md . a -\-a'' o S tnca' nd.a'-ta" „ 

become = _x^ + ~ +&c.-^ x -— + -i + &c. 

abc r r abc r r 



S bda' rma'-^a" o S ?n rt' ne.a'-Va" „ 

' abc r r abc r r- 



2abc r r^ 1^ ■^"bc r r^ r' 



S b — m.c,m — n.dri — o.e q S b — m.dm — n.e n—o.f 
. — X — 2 \- — -^ — h occ. X J— H 5~ 



- — 5 S ma' . n . a' -{-a" , <, S b/ , m . a + a" , a . 

+ &C. +- X h , + &C. -—X — + 1 h &C. +, 

ab r r^ ah r r'- 



S ba' , ma" , na" . « . S . b — m . , m — n . n — o „ 

ab r y ?' b r r r^ 



^xf^+^4'+^^+ &c. 4-5-x^+if:+^4+ &-• L^t Q 

lac r r ri ■xac r r r^ 

denote the value of S by the firfl rule in the eighth problem, 
and the firfl ten feries will be=S- zQ. The four next feries 

3 ^^ 
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are = "-'^~^ ' ~'^ ; and the two laft feries are = D; the 

r 

whole value of the reverfion, therefore (when C is the oldefl: 
of the three lives), is=: ' ' ''"" ■^ — — ^ + D + S - 2Q. 

When A is the oldeft of the three lives, the different feries, by 
changing thefymbols, as in fomeof the foregoing problems, will 

become = - x 1 + &c. x — + — + &c. - 

abc r y abc r r 



AS abc' , msc" , nt.c'" , , , 2S wj . c' _^nt . c'' au . c'" . „ 

+ X — + __ + __ + &c. + —-x ,-- + —- + -^ + &c. - 

^abc r r rT> ybc r r^ : ^ 



S be' , m.c' + c" , g , ^ mc n . c i c , 

be r r be ^ 



S be' , mc" , nJ" ,0 S ' «£■' nc" oc „ 

Jl. X — + -r- +— r- + &c. - -— X 1 — H 3- + &c. - 

-Zjbc r r^ r^ ibc r r' )» 



!_x^ + i^iti:+ &c. +i-x^+Li-';^ + &c. + 



S ac' , sc" , ic'" . . S ^ sc' u" «/" „ 



b r r^ r^ ab r r^ ■ r^ 



4. i_ X in^^ + -^iH— + &c. Let Q reprefent the value of S 

abr r r^ 

by the fecond rule in the eighth problem, n and A the values 
of the fame fum on the contingency of B's dying after C, 
and on the contingency of A's dying after C refpeftively * ; then 

... , , , . 1- ri S.7iri.3V--B-A-AB 

will the general rule in this cale become = "^ 



,_i.2V-B-A 



— 2Q - n + A, or, becaufe D + 2 arc = '—-- ~ n + A f ,, 

* See my 3d Prob. in Phil. Tranf. Vol. LXXVIII, 
t See my 3d and 3d Prob. Vol. LXXVIII, 

it 
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it will be = ■'''^~- ' " — - + D + 2 - 2Q, as above. 

When the lives are equal, the rule may be found either im- 
mediately from the feries, or from the foregoing expreffions, = 



2S . r— I 



X V - 3CC - 2CCC. Q. E. D» 



PROBLEM X. 



To find the value of a given fum payable on the deceafe of 
B or G, fhould either of them be the laji that fails of the three 
lives A, B, and C. 

SOLUTION. 

The fum S can be received in the firft year only on the ex* 
tindlion of the three lives, retrained to the contingency of 
A's life having been the firft or fecond that failed. In the 
fecond and following years it may be received provided either 
of fix events (hould happen, ift, If the three lives (houldfail 
in the year, A having been the firft or fecond that died, adiy, 
If B and C fhould both die in the year, A having died before 
the beginning of it. ^dly, If C only fhould die in the year, 
A and B having died in either of the preceding years. 4thly, 
If B only fhould die in the year, A and C having died in either 
of the preceding years. 5thly, If B (hould die after A in the 
year, C having died before the beginning of it. 6thly, If C 
fhould die after A in the year, B having died before the 
beginning of it. From the fradions expreffing thefe feveral 
contingencies, the whole value of the reverfion will be found = 

2S mda' , ne.a'+a^ , o S 6ca' , md.a' + a" , o 

X ^ T_ ^ §cc. - — r- X • + i + &C. -, 



o^abc r ^ r* ^ * ^abc 

A. ^ok 
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S rnca' , nda" oea'" , p- S hda' mea"' nf . a'" ■ ti 

babe r j^ ' ?-3 6fl.W- r ' r'' r^ 



S ^«' . m.a'-\-a" , n.a' + a" + a'' . o ^ ' ot«' , «.6i' + i('' , 

-7 X — + —- V^ + — 3 + &c. - -7 X — + . i + 

Q.ah r T ■ r'' lab r i 



c,„ . S ca d . u'-r-a' o^„ ^ da e . a ■\- a „ 

&c. -^ — ■ X — 1 : Y &c. — — X 7—+ &c. — 



X -J ■ 4- &C. ■\ X -, 1- &C. + 

Tfihcr r r^ . 3a*fr r r" 



S mi' n . a^-\-a" , „ S . ra' o . a'+a ,0 

_— X. U ^ f- &C. -X + J^- h &C. + 

2aor- r r' zabr r t 



— X + Z_ 4. &c. X —+< -^ &c., and 

therefore the general rule (when either B or C are the oldefl 
of the three lives") will be = S into — *-^ * ■~— — ^ x 



g.FK-AFK , BK-ABK m PC- AFC , d.^i-AvP ^.i-C-AFC 

. J x — — - X • ■\- ' , , 

b 2 S*r 2 c bi> 



, d BT-AtJT , g. F-AF r-i.B-AB w . P — AP , k . K- AK 
T 7ZZ I 
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; or (iince the firit nve expreffions are = 



ir %cr 



- " ' - — M, and the fix remaining ones = R + W) it 



will be = ^■'-"-'■P-^--ABC ^ R + w - M. 

r 

When A is the oUeJl of the three iives, the fame general rule 
may be obtained. In this cafe, by exchanging the fymbols, 

the different feries will become = —^ =^ — "< ^;5— '- +&c. -^ 



S 



x!i:Lf:+^^-^i-±^+&c. +-^x^-^+::^^^4±^ + &c. +; 



fcflic r r'- 3a*. 

jL- X H -^-^--* + &c. -{ — X — + -r-r TT -r ^^' 

3<ji(r r- ?■ , err '„ 
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__ X , — -f. &c. — ~ X — 5- -4 — — -|- &c. — 

be r ^ t^ lac r ' »' ' /3 • 



S k' , I . c" , uc'" . Q aS »zi . i:' , nt . c -\- c" , o 



Hac r '" /^ ' 'Xibcr r 



3 



X — _ + — + &c. -y--~ X _- + — JT Y &c. - 

■.b^r r r Oat"-" »■ •• ' 



icr 



bdbc 



X -j -J ]-i£c.+-r x — 4- / 4-&C. = S into 

r r Per r r ' 



2 . r- I . AB- ABC_^ _0_ ^ «. HF-HFC __ ^F- AFC -I-'* - ^^'^ ~ "^- 



(Jii a • ^a 



m. Pi\-PNC , w.AP-APC , r-i . V-C 



1 . B^HIc »^i . X^~C a . H- HC , y . N — NC , i 

In order to 



r 2'' 2^^ 2ar 

get the fame general rule as that given above in the cafe of B 
or C's being the oldeft of the three lives, it is to be obferved, 
that the fiift five expreffions, by the fecond part of the folution 

of Pr6b. I. appear to be = '-^^^^— ^ M + E. And (fup- 

pofnig r to reprefent the value of S on the contingency of A's 
dying after C) that the lad; three expreffions appear to be 

-. _ P _ _ , But E IS = R + -, and W muft 



be = ' — ^~ • r ; therefore, the fum of the above 



expreffions may be eafily found = - ■ ' ' ^ ' ~ — ^ + R + W 

-M. ■ ' 

If the three lives be of equal age, the value of the rever- 



aS 



f]on will be = --^-----:i- X V-L. This expreffioa may be de- 
rived either from the foregoing general rule, or immediately 

from 
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from the different feries, and is known to be accurately tru? 
from felf-eyident principles. Q. E. D. 



I have now given general rules for determining the values of 
reverfions depending upon three lives in every cafe which, as 
far as I can difcover, will adniit of an exaSl folutson. The 
remaining cafes, which are nearly equal in number to thofe I 
have inveftlgated, involve a contingency for which it appears 
very difficult to find fuch a general expreffion as fha,Il not 
render the rules much too complicated and laborious. The 
contingency to which f refer is that of one life's failing after 
another in any given time. The fractions expreffing this proba- 
bility are every year increafing, fo that the value of the rever- 
fion muft be reprefented by as many feries at leaft as are equal 
to the difference between the age of one of the lives, and that 
of the oldeft life in the table of obfervations. I have indeed fo 
far fucceeded in the method of approximation as that the rever- 
lion may be generally afcertained within about -^-'-g^th part of its 
exad value; but I fhall not trouble the Royal Society at 
prefent with thefe inveftigations. 

The 34th, 35th, and 36th problems in Mr. Simpson's Se- 
lect Exercifes involve, this contingency, and, by the affiftance 
of M. DE Moivre's hypothefis, admit of an eafy folution. 
But fuch is the fallacy of this hypothefis, that it renders Mr. 
Simpson's conclufions obvioufly wrong, tliough his reafoning 
is perfeSly correft : for it cannot furely be an equal chance in 
all cafes that one life (hall die after another. In the ihort 
term of a fingle year the chances are indeed fo nearly equal, 
that it would be wrong to perplex the folution by attempting 

O o 2 greater 
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greater accuracy. iBut when the number of years, and the 
difference between the ages of the two lives are, confiderable, 
thofe chances muft vary in proportion ; and, therefore, unlefs 
the contingency is blended with another which (hall very much 
^iminifh the probability of the event, the folution, by thus 
indifcriminately fuppofing the chances to be equal, muft be 
rendered extremely inaccurate. In Mr. Simpson's 36th pro- 
blem the folution by this means appears to be abfurd : for, in 
the particular cafe in which C is the oldeft of the three lives, 

the value of the reverfionary annuity becomegn 5 that 

is, the value of an annuity in this cafe during the life of C 
after B and A, provided A dies firft, is the fame whatever be 
the age of B ; for no mention is made of his life in the fore- 
going expreffion. It (hould be obferved, however, that the 
rule itfelf is ftriftly true, and that the error arifes from Mr. 
Simpson's having been tnifled by the hypothefis in determin- 
ing the probability of B's dying after A in his inveftigation of 
the 34th problem, which is applied to the folution of this 
problem ** 

I have declined giving fpecimens of the different values of 
the reverfions as deduced from the foregoing rules and thofe 
which have been hitherto publifhed, not only from an appre- 
henfion of becoming tedious, but alfo from the conyidtion 
that at prefent they are unneceffary ; thofe which I have for- 
merly given being, I think, fufficient to prove the inaccuracy 
of M. DE Moivre's hypothefis. In thofe Inftances in which I 
have compared fome of the foregoing rules with the approxi- 

* It 13 proper to obferve, that I have followed Mr. Simpson's method of 
■deterHvining this contingeney in the 2.3d, 27th, 28th, and 29th Prc*lems in my 
Treatife on Annuities. 

4 matrons 
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mations now in ufe, I have invariably found the latter to be 
erroneous ; nay, in Ibme cafes, the values were almoft twice 
as great as they ought to have been. This is particularly true 
when one of the lives is very young, and both or either of the 
other lives are very old. In reverfions of this kind I believe 
that this is generally the cafe, and that it feldom happens that 
the ages of the three lives are nearly equal. The- approxima- 
tions therefore can hardly ever be ufed with fafety, and it will 
certainly be moft prudent not to have recourfe to them when 
the corred values can be obtained. Should the difficulties 
attending the folution of the remaining problems which in- 
volve three lives be furmounted (and the talk may not perhaps 
be impoffible), the hypothefis of an equal decrement of life, as 
far as it relates to any ufeful purpofe in the doftrine of annui- 
ties, may then be totally abandoned. Or fliould it even be 
found impracticable to deduce folutions of thofe problems 
which are ftridly and accurately true ; yet, I am fatisfied from 
my own experience that fuch near approximations may be pro- 
cured as to render this hypothefis equally unneceffary. 




